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1 Abstract

Hemoglobin is a protein in red blood cells. Sometimes hemoglobin will abnormally form long polymer

strands, which can cause sickle cell disease. These strands consist of stacks of hemoglobin molecules,

connected via contact points on each molecule. These stacks have a slight twist to them within the

polymer.

This project will test that if given an alternative set of axial contacts, a simulated polymer can

be created that matches the electron microscopy of the sickle cell. This will be done via computer

simulation involving both a quantitative way of checking contact points as well as a qualitative method

of inspection.

A better understanding of where these molecules come together will lead to a better understanding

of the disease. Knowing more about the contact points leads to a better framework for someone

designing a drug to break up these polymers.

Advisor: Dr. Frank Ferrone

2



Contents

1 Abstract 2

2 Introduction 4

3 Approach 8

4 Methods 8

4.1 Starting Point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

4.2 Algorithm Development - Coding Side . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

4.3 Algorithm Development - Math Side . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

4.4 Math Behind the Building Algorithm - Failed Attempts . . . . . . . . . . . . . . . . . 13

4.5 The Quaternions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

4.6 The Quaternions Relation to the Algorithm . . . . . . . . . . . . . . . . . . . . . . . . 15

4.7 Determining the Value of the Flex Angle . . . . . . . . . . . . . . . . . . . . . . . . . . 16

5 Results - Planar Polymers 16

6 Discussion - Planar Polymers 17

7 Results - Twisted Polymers 20

8 Discussion - Twisted Polymers 21

9 Conclusion 22

3



2 Introduction

Sickle cell disease is a very serious disease in which the body produces abnormally shaped red blood

cells. Instead of being the normal dough nut shape, the mutation causes the red blood cells become

long and thin, shaped like a sickle or crescent in the absence of oxygen. These blood cells are stiff and

“sticky” and reduce blood flow to different parts of the body [1]. They can be thought of more as a

brick rather than the bean bag of a healthy cell.

Researchers have tracked the cause of the mutation to a protein called hemoglobin. Hemoglobin

(Hb) is an iron rich protein found in the red blood cell. Hemoglobin carries oxygen from the lungs to

the rest of the body. It is made up of two alpha chains and two beta chains (figure 1).

Figure 1: Hemoglobin structure of sub-protein chains [2]

Hemoglobin directly contributes to the shape of the red blood sell. In a healthy cell, the hemoglobins

tend to just float around in the cell and do not polymerize. However someone who has sickle disease

has a mutated form of hemoglobin called sickle hemoglobin (HbS).

HbS occurs when a glutamic acid in one of the beta chains is replaced by a valine [3]. This

substitution is a direct cause of the ability of HbS to polymerize while Hb does not.

HbS has two states, oxygenated and deoxygenated. When HbS becomes deoxygenated the molecule

tends to twist within itself. This twist causes a shift in the sub-protein chains which properly aligns

the contact regions in order for polymerization to occur. For this reason all talks about HbS polymers

are that of deoxy HbS.

Valine is a hydrophobic amino acid. Hydrophobic chains will move around due to an entropic
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force in order to find a way that will allow them to not be in contact with water. A valine on one

HbS molecule will then find another hydrophobic pocket along a neighboring HbS molecule. This

hydrophobic interaction causes the two hemoglobin to stick together. This effect will take place over

many hemoglobins, causing a polymer to form [4]. Figure 2 shows a cartoon drawing of a polymer.

Figure 2: Hemoglobin polymerization. The valine of a sub-beta chain of the HbS connects to a
hydrophobic pocket on the sub-beta chain of another HbS [5]

As stated previously, these strands of hemoglobin are very rigid. This is why this disease can be

painful for those affected. There currently is no straightforward cure. The belief is that if we can get

a better understanding of exactly what these polymers look like, a drug can be developed to break

up these strands. This drug would introduce specific molecules into the blood stream, which would

bond to the hemoglobin molecules and break them apart from each other. For this reason, the focus

of the study is on the geometry of how the polymers are formed.

In the past, the polymers have been studied via electron microscopy and x-ray crystallography [6]

[7] [8] [9]. These studies have given an understanding of what these polymers look like. They have

shown these polymers are composed of pairs of stacks of hemoglobin molecules.

Each pair of strands is referred to as a double strand. When deoxy HbS is crystallized it is seen

to be a linear set of double strands. When studied via electron microscopy it is seen that the double

strands have a rotation about the axis. The twist is that of a helical shape, similar to a rope.

A commonly used way to depict these polymers is to represent each individual molecule as a sphere.

This is called the ”bead model“ of hemoglobin. An example of a full polymer of HbS represented as

a bead model is given in figure 3.
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Figure 3: Sickle Hemoglobin Polymer Model [10]

However while these studies accurately depict the shape of the polymer, the methods cannot

distinguish the exact orientation of each molecule. The focus of this thesis is looking at possible

contact points.

The valine connections between each HbS are called the “lateral contacts”. They are lateral in the

sense of they connect molecules within a cross section. These contact points are very well defined and

are not the focus.

The focus is on the so called “axial contacts”. These are the contacts that connect one molecule

to the one on top of it along the length of the polymer. The axial contacts are also hydrophobic

interactions, but are much weaker than those of the laterals [4]. Figure 4 shows a cartoon of a

polymer with axials and laterals labeled.

Figure 4: Cartoon of a polymer [11]
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The currently accepted pairing of the axial contacts is a connection between a region in the alpha

chain of one HbS and a region of a beta chain in the connecting HbS. This is based on the x-ray

structure of double strands. This is shown in figure 5a. I will refer to these contacts as the “standard”

axial contacts.

However, because there are two beta chains and not just one, it is possible to find a second pair

of axial contacts. In this proposed pairing the partners are reversed. They are reversed in the sense

that instead of an alpha of HbS one connected to the beta of HbS two, it is just a feasible to have

the beta of HbS one connected to the alpha of HbS two. This proposed pairing would have the same

molecules in contact. This new pairing was originally proposed by Bogdan Barz, Brigita Urbanc and

Frank A. Ferrone (unpublished). It is shown in figure 5b.

Figure 5: The “standard” axial contacts pairing (a) and the “alternative” proposed axial contacts
pairing (b)

The focus of this project is to see if given the alternative set of axial contact pairings, a feasible

model of a HbS polymer be formed. A feasible model of a polymer is a polymer with all contact points

touching that has no physical violations.
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3 Approach

This question is addressed via computer simulation. The goal is to have a computer program which

generates a three dimensional bead model of a HbS polymer. These polymers are built by generating

double strands using the lateral contact points as well as both sets of axial contacts.

As stated most previous studies have been done in a lab by analyzing strands of HbS. The resulting

structure in the form of a bead model will be the metric to which the computer model will be compared.

For the model to be feasible it should at the very least qualitatively look like that in figure 3.

The coordinates for the sets of axial and lateral contacts on one molecule were given. Also given

was a set of essentially “repulsion” points. One metric of a feasible model is that these two repulsers

should not be touching. This is one method that will help make this simple model relatable to a more

realistic model. The repulsers will help avoid unphysical arrangements that may arise.

Currently all work done is purely on just one double strand. A “polymer” in use in the following

sections is just referring to a pair of beads and not the full cross section of fourteen.

4 Methods

4.1 Starting Point

The first step is to write code which will be able to generate one hemoglobin molecule with correct

contact points. For the 3D image I decided to use the visual package in python. The output of one

bead from the original data shown in figure 6.

Figure 6: Single molecule in the bead model - initial data
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The smaller spheres represent the contact points. With a similar color scheme to that of figure 5,

the red spots represent the valine lateral contact. The blue represents the pockets the valine goes into.

The purple and yellow spots represent the original set of axial pairs. The green and pink represent

the alternative set of axial pairs.

Rotational cosine matrices were then used to rotate the bead to be facing “up and right”. This

was done purely for aesthetic purposes. Figure 7 shows the result of the rotation. This orientation is

the starting point from which all polymers will be formed. It also shows the code used to generate

that bead

Figure 7: Left - starting bead for a polymer. Right - code used to generate the image.

4.2 Algorithm Development - Coding Side

Now that one bead is generated, an algorithm for generating more must be designed. It is immediately

clear that it would be tedious to have to type in all the coordinates for each bead. Also it would be

very limited if the code only allowed for a fixed number of beads to be generated. To allow for flexible

use, I based my algorithm on a code generating code system. I will now describe some of the major

components of the code.

At the end of the algorithm, a single python script (called polymer.py) must be executed in order

to generate the images. This script is generated entirely by other code which appends strings into the

end of that file. This way when building a polymer, it can be done with any number of beads and the

user does not need to edit any code.
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Above the polymer.py, there must be some code which generates that code. This script not only

must do that, but also must bear the bulk of the weight of doing the math to position each bead

within the polymer. This script I originally wrote in python. However after a few weeks of trying to

figure out some of the methods of the math (to be explained shortly) I realized that too much time

was wasted purely on the act of correctly coding through the matrices. After some thought I switched

to Matlab.

The Matlab script (called makeBead.m) is a function which is given the indexed number of the

bead to be generated and does some math to determine the (x,y,z) coordinates of the bead. The

function then outputs the formated strings to the end of the polymer.py.

Another Matlab script (called makePolymer.m) is a wrapper function around makeBead.m which

directs it how many beads to generate and which set of axials to use.

Finally all the scripts and functions are surrounded by a bash wrapper (called run.sh). This

wrapper is the only piece of code the user interacts with. It has various command line input options

to control the polymer to be built. The high level overview of the algorithm is shown in figure 8.

Figure 8: High level diagram of algorithm
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4.3 Algorithm Development - Math Side

As hinted at in the previous figure, there is a very structured method for generating a polymer. The

basic idea is to ”connect” the next bead onto the previous using the lateral contacts. Once connected

there is a ”flex” put in about the lateral contact to make the next molecule line up its axials with the

specified ones on the previous molecule. This is best to visualize when thinking of a system of three

beads.

Firstly let’s say you have one bead (figure 9 left) and want to add another. The code needs to

first determine the bead’s orientation. If it is an even indexed bead it is naturally going to be facing

roughly opposite of an odd indexed bead. The code takes care of this by performing a rotation about

the y axis by π radians if it is an even indexed bead. It will then have its acceptor lateral contact

connect with the donor lateral contact. Then working backwards from the original data set, the center

of the bead is calculated and all resulting contact locations are calculated. This is shown in the right

of figure 9.

Figure 9: Left - starting bead for a polymer. Right - second added on.

The notion of the flex angle is the core reason any of this is possible. To illustrate this point, figure

10 follows the same method of adding a third bead onto the the second using the laterals. Notice that

the two white repulsers are touching but both sets of axials are touching. This is an example of a

model which is not feasible.

So clearly some thought must go into the flex at this. It is important to note that the whole reason

this is possible is due to the fact that the lateral contact is a hydrophobic bond. Unlike an ionic bond
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Figure 10: No flex in the lateral contact. This is NOT a feasible model

or a covalent bond, this type of bond is not as rigid. The bond is happy as long as the valine is not

in contact with water. The result of this is that the bond acts similar to a ball and socket joint. The

molecule is free to move about that joint to a certain degree.

Since this work is done with a bead model (and not a full model of the geometry of the molecule)

the flex angle is deemed feasible so long as the surfaces of the center spheres do not touch each other.

This flex angle can be viewed as an independent variable which is altered in order to achieve a feasible

model.

A flex angle about the lateral contact of the even indexed beads of 18 degrees achieves a feasible

model of connecting using the new axial contacts. Likewise a flex angle of -10 degrees will achieve a

feasible model using the old contacts. These are shown in figure 11.

The following section will demonstrate the mathematical principles behind the flexing of the angle.

At this stage this algorithm will result in a planar/linear strand instead of a twisted one.
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Figure 11: Left - new axials connected. Right - old axials connected.

4.4 Math Behind the Building Algorithm - Failed Attempts

The math behind the algorithm was the most problematic of the project. These spheres are just

general objects in three dimensional space. Each flex at a contact point has six degrees of freedom.

Just the idea of moving the beads around is something very easy to show in the physical world, but

does not translate easily into code.

The math behind the movement is something that is highly abstract and general. However the

math behind the algorithm is something that needs to be funneled down to be highly specific. This is

best highlighted by the flex about the lateral contact. This is a rotation at an arbitrary point about

an arbitrary axis.

The first method tried was a bit of a work-around. In order to flex by an amount θ, the bead

was first rotated about the y-axis by an amount φ so that the bead is in the x = 0 plane. The bead

was then flexed by θ about the z-axis. It was then rotated back by −φ to put it back in the original

location. The whole thing summarized to:


x′

y′

z′

 = [Ry(−φ)][Rz(θ)][Ry(φ)]


x

y

z


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While this is a mathematically valid method of rotation, this did not end up working well for the

system. It wound up essentially pulling the bead away from where it needed to go.

Attempts were then made at correcting this by having a second flex. This flex was about a different

axis and its goal was to bring the axials back together. After a lot of tweaking around the algorithm

wound up not working.

After further research into rotations, a method of using the quaternions was developed. First a

brief background on the quaternions is in order.

4.5 The Quaternions

Normally in basic complex analysis the complex plane is discussed as two axis, one being the Real

line and one being the Imaginary line. This is basically a one dimensional representation of complex

numbers.

The quaternions are however a three dimensional representation of the complex numbers [13]. So

notationally, in stead of just having one imaginary number i, you instead have i, j, k. They were first

conjectured by Hamilton in 1843 [14], for the purpose of analyzing three dimensional mechanics. The

most notable property of the Quaternions is that multiplication is not commutative. For example:

ij = k jk = i ki = j

ji = −k kj = −i ik = −j

Also they have the property that i2 = j2 = k2 = −1.

Using all these properties it is possible to derive a rotation matrix using the quaternions. The

difference between this type of rotation matrix (denoted Rn(θ)) instead of the standard Cartesian

rotation matrices is that this matrix facilitates a rotation about an arbitrary axis û instead of one of

the (x,y,z) axes.

For the scope of this project, the derivation is not explicitly written out. The final rotation matrix

Rn(θ) is given in figure 12. This is a rotation about the û axis where û = (ux, uy, uz) where (ux, uy, uz)

are the projection of û into the Cartesian axes.
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Figure 12: Quaternion derived rotation matrix

4.6 The Quaternions Relation to the Algorithm

The method by which the flex is performed is by using this quaternion derived rotation matrix in the

above figure. This equation is essentially all ready to plug into the code in order to flex. The only

thing left to do is to calculate the rotation angle.

The axis of this rotation from a physical point of view is extremely arbitrary. Once again, the

molecule is free to rotate in any direction at that lateral contact. That means the choice of this vector

is both very easy and very hard to get correct. It is easy in the sense of whatever axis is chosen will

probably represent a feasible flex. However, that axis in no way is the only option and may turn out

to be irrelevant in the scheme of things.

The choice of this axis for me was thought out from a mathematical perspective. Figure 13 is

just a zoomed in view of figure 10. I want to highlight the axial contacts. These are going to be

the indicator I use to choose the flex angle. As a reminder, the setup shown in figure 10/13 is not

a feasible model. This was achieved by just attaching beads using the lateral contacts and by not

putting in any flex at all

Figure 13: No flex in the lateral contact. This is NOT a feasible model

The end goal is to either line up the green and the pink (for the case of the “new” contacts) or to

line up the purple and yellow (for the “old” contacts). For the ease of discussion I am only going to
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work with assembling the new contacts. The other set can be generated in a very analogous way.

The first step is to create a vector in the axis of movement. This is just a vector created by

subtracting the location of the pink contact minus the location of the yellow contact. This vector will

be orthogonal to the direction of rotation. This axis can be referred to as v.

A second axis which will be orthogonal to the first is one that will go radially straight down through

the sphere. As I discussed earlier I rotated the data so that the bead was oriented in this way. This

rotation was chosen so that the white sphere (the repulser) in between the two axials is set on the

pole. Knowing this, I create my second vector w to be a vector going from this pole straight down

into the center of the bead.

The third vector u is then simply the cross product of v and w. This axis u is the axis which will

be flexed about. It is normalized to become û and then can be plugged into Rû(θ).

4.7 Determining the Value of the Flex Angle

This is a very interesting part of the algorithm. There are two ways that this can be performed. The

first way is to analytically predict what it should be using geometry. While this problem is possible

to solve, given all the degrees of freedom of the rotation, coupled with the fact that the code needs

specific Cartesian coordinates, I deemed that this method would be too time consuming.

Instead a more experimental method was used. Since I had code to perform the rotations for me,

I felt it would be more efficient to just try different values of θ and see what the result looked like.

After trying many of angles in this method, a flex angle of 18 degrees was determined to be

sufficient. As for matching up the old contacts, a flex angle of -10 degrees was sufficient. The results

of this are pictured in figure 11.

5 Results - Planar Polymers

Currently two polymers of a double strand have been formed. One was using the new contacts, one

was using the old contacts. The Matlab scripts builds them up following the pattern described in the

methods section. The even number molecules are the only ones that are actively flexed at the lateral

contacts.

This is not a violation because a flex of 18 degrees of the second bead and 0 degrees of the first

and third beads can also be seen as a flex of 9 degrees amongst all the beads. The flip side is, from a
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coding perspective, that with this method every odd indexed bead is essentially just the initial bead

with a linear shift of its center.

The result of all this is that the double strands for both the new contact sets and the old contact

sets are planar. The following figure is the result of generating polymers of length 16 beads.

Figure 14: Left - standard axials used. Right - alternative axials used.

6 Discussion - Planar Polymers

The current results only generate a planar strand. While this is accurate for the case of crystallized

HbS, it is known through electron microscopy that there is a twist in the polymer. The next step is

to try to figure out how this twist can be formed.

It is known from previous work [14] that it is definitely possible to have this twist using these

contacts. A styrofoam model was built using the coordinates. The beads were stuck together using

toothpicks. Figure 15 is the result of this.

The problem now is how does this twist seem to intrinsically form when using the styrofoam balls,

but when the exact same contact points are used in the computer simulation something planar is

formed? First I decided to look at my bead model a little closer to take a look at the angles at which
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Figure 15: Styrofoam model - R. Klaiss and F. A. Ferrone (unpublished)

these molecules meet each other.

To get a better understanding of these angles, I decided it would be easier to look at these as vectors

rather than spheres. I added an option into my code to make an “arrow” model of the polymer rather

than the bead model. The arrow model contains the same information as the bead model, but differs

in visualization.

One visual change is that the center sphere is shrunk down into the same size as the contact

spheres. Also I have added four radial vectors to each molecule. These are represented as arrows that

go from the center bead to the axial and lateral contacts being used in each molecule.

Figure 16 shows an arrow model using the standard axials, and figure 17 shows an arrow model

using the alternative axials. Each figure has two different angles of the same polymer. Also each

figure is a polymer of three molecules. The structure of the polymer is not changing as the number

of molecules increases, so I chose three molecules for ease of analysis.
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Figure 16: The arrow model using the standard contact points

Figure 17: The arrow model using the alternative contact points
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There are two things to note about these figures. Look at the left picture in each figure. It is

interesting how the model of the alternative axials seems to line up so perfectly. It essentially has the

two lateral arrows meeting with almost no angle in between them.

Looking at the right picture in each figure there is something very subtle to notice. The model

using the standard axials shows that the arrows are exactly planar. However looking at the same

picture for the alternative axials shows that it is not exactly planar. From this viewing angle of the

model you can see a “zig-zag” of the laterals bouncing in and out of the plane. This zig-zag of the

laterals on the model of the new axials shows that the polymers of the new axials must have some

sort of non-planar arrangement.

7 Results - Twisted Polymers

Following from the discussion of the stick model, the goal is to try to reconcile the twisted polymer

model with the planar model. The planar model can be thought of as two pieces of string hanging next

to each other. A twisted polymer can be formed by grabbing the ends of the strings and beginning

to turn the ends. This is essentially performing a rotation about an axis which is directly in between

both pieces of string.

In the discrete case (like the polymer) this is equivalent to performing the described twist among

each molecule by the same recursive amount (more on that in a moment). Specifically in the case of

the polymer, the axis of rotation is modeled to be a vector going between the two lateral contacts

being used. These laterals act as basically a hinge. Let φ be the angle by which each bead is rotated.

This angle is recursive, meaning each bead is rotated along that axis by an amount n · φ where n is

the indexed number of the bead in the polymer.

Using a value of φ = 4.1o, a polymer of 44 beads was formed (see Discussions - Twisted Polymers

for motivations). The resulting polymer is shown in figure 18.

Figure 18: Twisted polymer of the bead model using alternative contacts
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8 Discussion - Twisted Polymers

Electron microscopy provides the experimentally measured twist of an HbS polymer [20] (figure 19).

The measurements showed that a polymer goes through a 180o rotation after approximately 1400

angstroms. Knowing that the diameter of a hemoglobin is approximately 64 angstroms, it can be

determined that this is equivalent to a stack of 22 molecules high, or 44 beads total in a double twist.

Figure 19: Electron microscopy analysis of a HbS polymer. The distance between marks is the distance
of a 180o twist. [20]

The next parameter to decide is the angle φ. The value of this angle was decided by arbitrarily

trying a range of angles until one gave the correct twist (i.e. the twist of 180o over the polymer of

44 total beads. This method gave a value of φ = 4.10o. As a reminder, this angle is the value of

rotation about the lateral axis which each bead is rotated from the previous bead. In closed form this

is {n · φ|n = 0, 1, ..43}. The resulting polymer of 44 beads with a twist of 4.1o per bead is pictured in

figure 18.
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Bluemke et al [20] determined that the twist of each pair of molecules on top of the previous pair

is equivalent to approximately 7o. In equivalent notation, the angle determined by this code was 8.2o.

9 Conclusion

Through all my troubleshooting with this I have come to realize that this highlights a very specific

type of optimization. When someone is building a model out of styrofoam balls the whole system will

optimize together. In other words if I were to gently pull on one ball in the polymer, all the other

balls would simultaneously move in order to keep the polymer together.

When I am coding however, if I move just one bead around only that bead will move. This type

of optimization is a stream type. If I change one thing I need to go through and individually fix every

other one.

I have shown with the code that I have written that using the alternative contact points, a planar

(or crystal) structure of a HbS polymer can be formed without any physical violations. I have also

shown that this model can then be twisted to form a very close model of a twisted strand. This shows

that the model I created does not necessitate a twist but does accommodate a twist.

While Bluemke et al [20] observed a slightly different twist angle than the one I generated, the

difference can be attributed to the fact that the bead model is just a cartoon of a complicated physical

system. However since the difference is small, it shows that even though the model is not perfect, it

can be used under certain circumstances to represent the real model.

In the long run, improved models of the polymer can be used to suggest locations where a drug

or other agent might disrupt the polymer and provide a therapy for the disease.
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